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Determination of the nature of the critical flutter boundary (benign/catastrophic) and its control constitute
important issues that can be addressed within the nonlinear formulation of lifting surface theory. The main attention
of this paper consists in the development of a computational approach enabling one to get a better understanding on
time-delayed dynamics as applied to this important aeroelastic problem, and more specifically, to two-dimensional
supersonic lifting surfaces. The analysis is based on the reduction of the infinite-dimensional problem to one
described on a two-dimensional center manifold. Results presenting the implication of the linear/nonlinear time-
delayed feedback control on two-dimensional supersonic lifting surfaces are addressed, and pertinent conclusions

are drawn.
Nomenclature

A, A* = linear operator and its dual
operator, respectively

a;, b;,e;, f; = -coefficients appearing in Eq. (7)

B = normalized nonlinear stiffness coefficient
in pitch

b = semichord length

Cij = coefficient of third-order polynomial in A/

Chs Ca = linear viscous damping coefficients in plunging
and pitching, respectively

D)) = characteristic equation

F = nonlinear function

H, H* = Banach space and its dual, respectively

h, & = plunging displacement and its dimensionless
counterpart (= h/b), respectively

I, = mass moment of inertia per unit span

K, K = linear stiffness coefficients in plunging and
pitching, respectively

L = Lyapunov coefficient

L, M = dimensionless unsteady lift and moment per unit
wing span

My, (M1r) = undisturbed (transitory) flight Mach number
(= Uso/ax0)

m = airfoil mass per unit span

N = nonlinear terms on center manifold
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two-dimensional space spanned by the
eigenvectors of operator A associated with the
eigenvalues A

complementary space of Py

complex eigenvector corresponding to A and iw
complex eigenvector corresponding

to A*and —iw

phase variable in normal form

dimensionless radius of gyration with respect to
the elastic axis, [= +/(I,/mb?)]

static unbalance about the elastic axis and its
dimensionless counterpart,(= S, /mb),
respectively

time variable and its dimensionless counterpart,
(= Uut/b), respectively

freestream speed and its dimensionless
counterpart, (= Un/bw,), respectively
normalized flutter speed, (Ur/bw,)

local coordinate system on center manifold
induced by base W

elastic axis position and its dimensionless
counterpart (= xe,/b), respectively, measured
from the leading edge (positive aft)

twist angle about the pitch axis

aerodynamic correction factor

tracing quantities identifying the aerodynamic
nonlinear term

damping ratios in plunging (= ¢, /2mwy,) and
pitching (= ¢, /21,w,), respectively
frequency variable in normal form

polytropic gas coefficient

dimensionless mass ratio, (= m /4 p..b%)

air density and the speed of sound of the
undisturbed flow, respectively

time delay and its dimensionless counterpart,
(= Tw,), respectively

real basis for P, and Q,, respectively

linear and nonlinear normalized control gains,
respectively

transpose of W
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w = value of the pure imaginary roots of D(A) in
Eq. (10)
Wpy Wyy © = uncoupled frequencies of linearized aeroelastic

system counterpart in plunging, [= /(K/m)],
pitching [= /(K}/1,)] and frequency ratio
(= wn/wy), respectively

O = d()/dt

Introduction

ECAUSE of its evident practical importance, the study of

the flutter instability of flight vehicle constitutes an essen-
tial prerequisite in their design process. The flutter instability can
jeopardize aircraft performance and dramatically affect its sur-
vivability. Moreover, the tendency of increasing structural flexi-
bility and maximum operating speed increase the likelihood of
the flutter occurrence within the aircraft operational envelope. As
a result of the considerable importance of this problem, a great
deal of research activity devoted to the aeroelastic active con-
trol and flutter suppression of flight vehicles was carried out.
In this sense, the reader is referred to a sequence of issues in
Refs. 1 and 2, where valuable contributions to this topic have been
supplied.

As it clearly appears, within this problem, two principal issues
deserve special attention: 1) increase, without weight penalties, of
the flutter speed, and 2) possibilities to convert unstable limit cy-
cles into stable ones. While the achievement of 1) can result in
the expansion of the flight envelope, which related with 2) would
result in the possibility to operate in close proximity of the flut-
ter boundary without the danger of encountering the catastrophic
flutter instability, but in the worst possible scenario, crossing the
flutter boundary that features a benign character. In contrast to the
catastrophic flutter boundary in which case the amplitude of oscilla-
tions increases exponentially, in the case of benign flutter boundary,
monotonic increase of the oscillation amplitude occurs, and, as a
result, the failure can occur only by fatigue. It clearly appears that
both issues 1) and 2) are related to controlling Hopf bifurcations.
In particular, issue 1) implies increase of the stability of an equilib-
rium and delay of the occurrence of Hopf bifurcations®>~® whereas
issue 2) is related to controlling Hopf bifurcations once a periodic
vibration has been initiated.”-® Recently, a new control method for
Hopf bifurcation has been proposed, and both of the two issues are
discussed.’

This present study primarily deals with the determination and
control of the flutter instability and of the character of the flutter
boundary of supersonic/hypersonic lifting surfaces. This implies
the determination of the conditions generating the catastrophic type
of flutter boundary and implementation of an active control capa-
bility enabling one to convert this type of flutter boundary into a
benign one. This issue is of a considerable importance toward the
expansion, without catastrophic failures, of the flight envelope of
the vehicle. In contrast to the issue of the determination of the flut-
ter boundary that requires a linearized analysis, the problem of the
determination of the character of the flutter boundary requires a non-
linear approach. As it has been shown,'%~!* at hypersonic speeds the
aerodynamic nonlinearities play a detrimental role, in the sense that
they contribute to conversion of the benign flutter boundary to a
catastrophic one. Therefore, an active control capability enabling
one to prevent conversion of the flutter boundary into a catastrophic
one should be implemented.

Aeroelastic Model

This investigation is based on a geometrical and aerodynamic
nonlinear model of a wing section of the high-speed aircraft incor-
porating an active control capability. The geometry of the model is
shown in Fig. 1. As concerns the nonlinear unsteady aerodynamic
lift and moment, these are obtained through the integration of the
pressure difference and of its moment with respect to the pitch-
ing axis, respectively, on the upper and lower surfaces of the air-
foil. To this end, the third-order approximation of the piston theory
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Fig. 1 Geometry of the cross section of lifting surface.
aerodynamics'®~!> (PTA), as given by
P, 1) = poo{l 4+ K (v:/a)y + [ + 1)/H[(v:/ax)y T
+ [ (e + D/12][(v:/ax)y T} (1)
is considered. Herein
ow ow
== — + Usp— 2
v (az * °°ax>sgnz @

denotes the downwash velocity normal to the lifting surface
a2, =K Poo/Pso» Where sgnz assumes the value 1 or —1 for z >0
and z < 0, respectively. In addition,

w(t) = h(t) + a(t)(x — bxg) 3)

denotes the transversal displacement of the elastic surface; xo(=
Xea/b) is the dimensionless streamwise position of the pitch axis
measured from the leading edge; poo, Poos Uso, and ao, are the pres-
sure, the air density, the airflow speed, and the speed of sound of
the undisturbed flow, respectively; and y = My, /+/(M% — 1) is an
aerodynamic correction factor that enables one to extend the validity
of the PTA to the entire low-supersonic/hypersonic-speed range.

In the context of the inclusion of the structural and aerodynamic
nonlinearities, of the linear and nonlinear controls and of the asso-
ciated time delay, in conjunction with the typical cross section with
pitch-and-plunge degrees of freedom, the dimensionless aeroelastic
equations representing an extension of those in Refs. 3 and 16 are
written as

£+ xa@ +20,(@/ V)E + (@) V)*E = L(1) (4a)
(Xo [72)E + & + 200/ V)é + (1/VHa + (1/V?) Ba®

=M@ — (¥ /V)at —1) — (¥, /V?)’t —7)  (4b)
where

L) = —(y/12uM) {12 + 8, M2 (1 + )y e’

+ 12[€ + @ (b — xe0) /b1} (52)
M) = —(y/12uM) (1 /r2b) {126 — xea)ex

+8aML (b — x) (1 + )y e’

+4[3(b — xea)é + 6 (4b” — 6bxey + 3x,) /1] ] (5b)

and £(¢) = h(t)/b, a(t) is the twist angle about the pitch axis, and
L(t) and M(t) denote the dimensionless aerodynamic lift and mo-
ment, respectively. The meaning of the remaining parameters can be
found in the nomenclature (see also Refs. 3, 10, and 16). In Eq. (4b),
the parameter B identifies the nature of the structural nonlinearity
of the system in the sense that, corresponding to B <0 or B >0,
the structural nonlinearities are soft or hard, respectively, whereas
for B =0 the system is structurally linear. The linear and nonlinear
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active controls are given in terms of two normalized control gain
parameters W, and W,, respectively.

A mathematical model is generally the first approximation of the
considered real system. More realistic models should include some
of the past states of the system, that is, the model should include time
delay. The time delay in control can occur either beyond our will or
it can be designed as to modify the performance of the system.'! For
this reason, as a necessary prerequisite, a good understanding of its
effects on the flutter instability boundary and its character (benign
or catastrophic) is required.

Linear/Nonlinear Stability Analysis

State-Space Form of Aeroelastic Equations

To capture the effect of time delay t, introduced in the re-
lated terms W, and W,, let § =x;, o =x,, £ =x3, & = x4, and
X2 =X2(t — 7). Then, one can rewrite Eqgs. (4a) and (4b) as a set
of four first-order differential equations:

X = X3 (6a)
Xy = X4 (6b)
X3 = a1x) + axxy + a3x3 + auxy + asx; + ejxy + e2x3, (6¢)
X4 = bix) + byxo + b3x3 + baxs + bsxs + fixy + fzx; (6d)

where all of the coefficients that are provided in Appendix A are
explicitly expressed in terms of the parameters of Egs. (4a) and (4b).

For convenience in the following analysis, rewrite Eqs. (6a—6d)
in the vector form:

x() = Ax(r) + Apx(t — 7) + Flx(#),x(t — 7)] (7

where x, F € R*, Ay, and A, are 4 x 4 matrices. A;, A,, and F are
given by

0 O 0
0 0 0 1
A = (8a)
ay a; as ay
by by, bz by
0 0 0 O
A = 0 0 0 O (8b)
7o e 00
0 fA 0 O
and
0
0
asxg(t) + eng(t —17) (8c)
b5x§’(t) + fzxg’(t —1)
respectively.

Hopf bifurcation has been extensively studied using many differ-
ent methods,>~> for example, Lyapunov quantity used in the context
of the supersonic panel flutter,'>!3 where the effects of structural,
aerodynamical, and physical nonlinearities have been incorporated.
In Refs. 11 and 16, the dynamic behavior of the system without
time delay in the control was studied in the vicinity of a Hopf bi-
furcation critical point. In particular, the effect of the active control
on the character of the flutter boundary (where the Jacobian has a
purely imaginary pair) is investigated. It is shown that for differ-
ent flight speeds, stable (unstable) equilibrium and stable (unstable)
limit cycles exist.

The effect of the time delay involved in the feedback control will
be considered in this paper. Nonlinear systems involving time delay
have been studied by many authors.”!”!® In the past two decades,
there has been rapidly growing interest in bifurcation control.”~*
There are a wide variety of promising potential applications of bi-
furcation and chaos control. In general, the aim of bifurcation control

is to design a controller such that the bifurcation characteristics of a
nonlinear system undergoing bifurcations can be modified to achieve
some desirable dynamical behaviors, such as changing a subcriti-
cal Hopf bifurcation to supercritical, eliminating chaotic motions,
etc. In this context, many applications have been found, for exam-
ple, in the areas of mechanical systems, fluid dynamics, biological
systems, and secure communications. The approach developed in
Ref. 18 will be applied to study the effect of the time delay in-
volved in the feedback control. The main attention is focused on
Hopf bifurcation.

Linearized System
As the first step, we analyze the stability of the trivial solution of

the linearized system of Eq. (7), which is given by
x(t) = Aix(t) + Ayx(t — 1) xeR* 9)

The characteristic function can be obtained by substituting the trial
solution x(7) = ce*’, where ¢ is a constant vector, into the linear part
to find

D) = det(A] — A} — Aye ™) = 1* — (a3 + b3))
+ (a3b4 - a4b3 — bz — al)kz + (b2a3 - b3a2 + a1b4 — b1a4)k

+aiby —ab — [ il + (bser —as fi)k + (brey —ay f1) |e ™
(10)

where I denotes the identity matrix. It can be shown'® that the
number of the eigenvalues of the characteristic equation (10) with
negative real parts, counting multiplicities, can change only when
the eigenvalues become pure imaginary pairs as the time delay t
and the components of A; and A, are varied.

Itis seen from Eq. (10) that when a; (b, + f1) # b1(a, + e;) none
of the roots of D()) is zero. Thus, the trivial equilibrium x =0
becomes unstable only when Eq. (10) has at least a pair of purely
imaginary roots A = £ iw (i is the imaginary unit), at which a Hopf
bifurcation occurs. The critical value for the Hopf bifurcation to
occur can be found from the equation

D(iw) = [(fio’ + a1 fi — bie)) cos(wT) + w(fias — bye)) sin(wT)
+ o' + (b + a1 — azbs + asb3)* + a1by — bl(lz]
+[w(fias = bser) cos(@r) — (a1 fi + fiw® — biey) sin(wr)
+ (a4 + b3)w?® + (bras — byas + ayby — b1a4)w]i (11)

Setting the real and imaginary parts in Eq. (11) to zero results in
cos(wt) = P/ P and sin(wt) = P,/ P (12)
where
Py =—fio° + (0319361 + babsey — fiasbs — a3 fi + biey

—2fia; — flbz)fl)4 + (01b4b3€1 + bias fiaz + brasbse;

—b§a26’1 - bza§f1 — biejazbs + byas fras — ay frasbs

—2fiaiby + fibia, + bieby + bieja; — alzfl) w*

+ (a1 fi = biey) (braz — a1by) (13a)
P, = w[(f1b4 + bye)w* + (f1b4a§ — fiazasbs — fibiay

— fibsay + 2 fia1by — bieyaz — azbsbze; + brbzey — bieiby

+aibze; + a4b§el)w2 +bias(bre; — alfl)]

+ai filaiby — axb3) + azby (fiax — e1by)

+aje;(byby — b1by) (13b)
P = flo* + [(bser — fia3)” +2f1(frar — brey) |0’

+(biey —ar f1)? (130
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With the aid of Eqgs. (12) and (13a-13c), one uses equation
sin*(wt) + cos?(wt) =1 to obtain the following eighth-degree
characteristic polynomial for solving the critical values of w:

o? +q1w6—|—q2w4+Q3w2 +q4=0 (14)
where

g1 = a3 +b; +2 (b + asbs + ay) (15a)
¢ = (a1 + b)) + (ashy — asbs)* — f12 + 2[asz(braz — axb3)

+as(arbs — biaz)] + 2[bs(asb, — arby) + bs(a1by — byay)]
(15b)

¢ = (a1by — ashy)* + (axbs — azby)* — (as fi — byer)®
+ 2(asby — aybs)(aiby — azby) + 2[(a; + by)(a1b; — axby)
+ fi(bier — fia)] (15¢)

qs = (@b, — arb))* — (a1 fi — brey)? (15d)

If Eq. (14) has no positive real roots (for w?), then system (9) does
not contain center manifold, but stable and unstable manifolds. On
the other hand, if Eq. (14) has at least one positive solution for w,
one can substitute the solution(s) into Eq. (11) to find the smallest
Tmin» at Which the system undergoes a Hopf bifurcation.

Although a closed-form solution exists for the roots of a gen-
eral fourth-degree polynomial [consider Eq. (14) as a fourth-degree
polynomial of w?], it is not useful here in finding the relations be-
tween the parameters because the expressions are too involved. In
this paper, we will use a numerical approach to find the relations
among the flutter speed Vy(= Ur/bw,), flight Mach Number M,
time delay 7, and the control gains W, W,. More computation results
will be given in the Results section.

Center Manifold Reduction

To obtain the explicit analytical expressions for the stability con-
dition of Hopf bifurcation solutions (limit cycles), system (4) should
be reduced to its center manifold.'® While studying the critical
infinite dimensional problem on a two-dimensional center mani-
fold, we express the delay equation as an abstract evolution equa-
tion on Banach space H of continuously differentiable function
u:[—7,0]— R?as

x = Ax, +F(t,x,) (16)

where x,(0) =x(¢ + 0) for —7 <0 <0 and A is a linear operator for
the critical case, expressed by

du(0)
Au6) = a0 for 0 el[-r1,0)
Au(0) + Aru(—1) for 6=0 a7

The nonlinear operator F' is in the form of

e — 0 for 0 e[-1,0)
(w)(0) = Flu(0),u(-7t)] for 6=0 18)

Similarly, we can define the dual/adjoint space H* of continuously
differentiable function v : [0, T] — R? with the dual operator

_¥O) for € 0, 1]
A*v(o) = do © “ -
ATv(0) + Alv(7) for o=0 (19)

From the discussion given in the preceding subsection, we know
that the characteristic equation (10) has a single pair of purely imag-
inary eigenvalues A = = iw. Therefore, H can be split into two
subspaces as H = P, @ Q,, where P, is a two-dimensional space
spanned by the eigenvectors of the operator A associated with the

eigenvalues A, while Q4 is the complementary space of P,. Then
foru € H and v € H*, we can define a bilinear operator:

0 0
(v, u) =" (0)u(0) —/ / (& — 0)[dn(0)]u(§) dg
-t J0

0

= (0)u(0) +/ V(€ 4+ 0)Ar(§)u(E) dE (20)

-7

Corresponding to the critical characteristic root iw, the complex
eigenvector g(0) € H satisfies

dg (@
% =iwq(0), for

A19(0) 4+ Axq(—7) = iwq(0), for 6=0 (21b)

0e[-1,0) (21a)

The general solution of Egs. (21a) and (21b) is
q(6) = Ce™” (22)

From the boundary conditions [given in Eq. (17) when 6 =0] we
find the following matrix equation:

—iw 0 1 0

0 —iw 0 1
i . =0 (23)

a a +ee " a3—iw ay

b1 by+ fie7iot bs by —iw
By letting C=(Cy, Cs, C3,Cy)T and choosing C;=1, we
uniquely determine C,, C;, and C4. Then the eigenvector
q(0) =Ce'*? is found. Thus, the real basis for P, is obtained as
®(0) = (), ¢») = (Relg(6)], Im[g(6)]), that is,

PO) =
cos(wh) sin(w0)
L cos(w8) + wL, sin(wd) L sin(wf) — wL, cos(w0)
Ly Ly
—w sin(w0) w cos(wb)
wl[wL, cos(wh) — Ly sin(wh)] w[wL, sin(wh) + L cos(wh)]
Lo Lo

(24)
where explicit expressions of L; (i =0, 1, 2) are provided in
Appendix B.

Similarly, from the equation

A*q*(0) = —iwg™(0)

or

_dg°(0) _
do

Alq*(0) + Asq*(r) = —iwg*(0)  for o =0 (25)

—iwg* (o) for o €[0,71)

one can choose the real basis for the dual space Q, as
V(o) = (. ¥,) = (Relg"(0)], Im[g*(c)]), that is,
[ L3 cos(wo) + Lysin(wo) Ljsin(wo) — Ly cos(wo)T]
M M
Lscos(wo) + Lg sin(wo) Lssin(wo) — Lg cos(wo)
Y(o)= M M
L7 cos(wo) + Lgsin(wo) Lqsin(wo) — Lg cos(wo)
M M
| N1 cos(wo) — Ny sin(wo) N sin(wo) + N, cos(wo) |
(26)
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where the explicit expressions of L;(i =3, ..., 8) and M are also
provided in Appendix B, and N; and N, can be obtained from the
relation (W, ®) = I, expressed in terms of w, 7, and the coefficients
a;, b;, e;, and f; in Eqs. (6a—6d). The lengthy expressions of N, and
N, are omitted here.

Next, by defining w = (w, wy)” = (¥, u,) (which actually rep-
resents the local coordinate system on the two-dimensional center
manifold, induced by the basis W), with the aid of Eqgs. (24) and
(26), one can decompose u, into two parts to obtain

u, = u,PA —i—u,QA = ®(V, u,) —l—u,Q" = dw —i—u,QA 27

which implies that the projection of u, on the center manifold is
dw. Then, applying Eqgs. (16) and (27) results in

(W, oW +afl)= (v, A(Dw +ul))+ (W, F(t. dw +u?)) (28)
and therefore,
(W, D)W = (U, Ad)w + (W, F(t, dw + u?))

which can be written as Iw = Dyw -+ N (w), and finally we obtain
the equation of the center manifold:

W=|:0 w]W+N(W) (29)
—w 0

where A (w) represents the nonlinear terms contributed from the
original system to the center manifold.

The lowest-order nonlinear terms of the center manifold, needed
to determine the solutions, are

Ni(w) = W7 (0)F (dw)

0
0

asa; + exa,

bsa; + fra,

= w'(0)

— Ciowi + Cywiws + Chwiw; + Cozw; 30)

Clows + C3wiw, + Chw w3 + Chw}
where in a@; = [®(0)w]3 and &, = [®(—7)w]3, “[ - 137 denotes the
cubic order terms extracted from the second component of the vector
().Infact, because ®isa4 x 2 matrix andwisa2 x 1 vector, d wis
a4 x 1 vector, which can include higher-order terms in the compo-
nents; we just intercept the third-order terms. Therefore, we obtain
the normal form up to third order by using the method developed in
Ref. 6,

i =Lr?

, 6 =aw+br? 31
where L is a Lyapunov coefficient, also referred to as Lyapunov first
quantity (LFQ), given by

L= §(3C) +Cl, + C3, +3CE,) 32)

When L < 0(>0), the Hopf bifurcation is supercritical (subcritical),
that is, the bifurcating limit cycle is stable (unstable).

Results

In this section, some numerical results are presented to investigate
the stability with respect to the choices of the time delay t and the
linear and nonlinear control gains W, and W, using the formulas
presented in the preceding section.

To compare the results with those in Ref. 16 where the approach of
Refs. 12 and 13 was used and no time delay was presented, we shall
take the same parameter values used in Ref. 16. The main chosen

varying parameters are M, W, W,, and time delay t, while other
parameters given in Eqgs. (4a) and (4b) are fixed:

b = 1.5 m(dimensional), un =150, w=1.0
rq =0.5, Xe = 0.25
y=1, =18, =0, k=14, 84 =1, B=1
xo =0.5, wy = 60 (33)

The stability of the aeroelastic system in the vicinity of the flutter
boundary is analyzed on the basis of Eqs. (24) and (26).

We know from Ref. 16 that when either the linear or the nonlinear
control gain is added at relatively moderate supersonic flight Mach
numbers the flutter boundary is benign, whereas with the increase
of the flight Mach number, because of the built-up aerodynamic
nonlinearities that become prevalent, the flutter boundary becomes
catastrophic. Here, we will show how the stability changes when
the time delay is included.

Three typical cases are discussed next. Note that in the discussions
Vr denotes the flutter velocity at which Hopf bifurcation (caused
by flutter instability) is initiated, leading to periodic motions. The
stability of the bifurcating limit cycle is determined by the sign of
L, the Lyapunov coefficient. The computation of L is based on the
center manifold and Eq. (29) described in the preceding section.

Case 1: No delay (i.e., T =0), ¥, is varied.

a) W, =0 (nonlinear feedback control is not applied). Consider
the linear feedback control with gain W;, but without the time de-
lay. The results of the flutter velocity with respect to flight Mach
number for different values of W, and the corresponding Lyapunov
coefficients recover what was obtained in Ref. 16. Because the re-
sults in Ref. 16 were generated via another method (Refs. 12 and
13), this constitutes an excellent validation of our methodology.
The effect of the linear control on V is depicted in Fig. 2 (as solid
lines), whereas the effect on L is shown in Fig. 3. It is noted that
the flutter speed monotonically increases with increases of flight
Mach numbers M, and/or the control gain ;. When L < 0(>0),
the corresponding motion is stable (unstable) in the sense of Hopf
bifurcation. We can define the value of the Mach number at which
L =0 as the critical value Mg, where TR means transitory indi-
cating L is crossing the zero critical value. It can be seen that in
general the motions are stable for smaller Mach numbers and unsta-
ble for larger Mach numbers. Moreover, it is interesting to observe
that the slopes of the curves are slightly decreasing as the W, is
increasing, suggesting that the Mty is larger for larger values of W,
and physically giving a measure of the rapidity of transition of the
aeroelastic system, from the benign state to the catastrophic one,
that is, an idea of the occurrence of a mild or explosive type of
flutter.

25

20

15

V (Flutter Speed)

10 L

M (Flight)

Fig. 2 Effects of the linear control with or without time delay on the
flutter boundary.
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b) W, =10W,. Here, for convenience in comparison, we take
W, =10W,. The presence of W, does not change the relation be-
tween the flutter velocity and Mach number because the flutter speed
is only determined by linear terms. The Lyapunov coefficients for
this case are depicted in Fig. 4. This result is also in good agreement
with thatin Ref. 16. It clearly shows that the nonlinear feedback con-
trol is more effective than the linear feedback control in rendering
the flutter boundary a benign one.

Case 2: Fixed time delay 7, but W, is varied.

First, the time delay t given in Egs. (6a—6d) is nondimensional-
ized. The real time delay is T = Tw,.

Now we fix the time delay (r =1 is selected in this paper) and
investigate the effects of the linear and nonlinear control gains on
the flutter stability boundary.

a) W, = 0. The results for considering the linear control only are
shownin Figs. 2-5.Itis noted from Fig. 2 that the trends are similar to
that of the case without time delay. V is a monotonically increasing
function of the linear control gain W, and the flight Mach number
M. However, the value of Vg, in the presence of time delay, for
any (W, M) experiences an increase, as compared to the case of
the absence of the time delay. Compared with the case without time
delay, it is seen that the effect of  becomes more prominent for
larger values of W;. This suggests that incorporation of time delay
in the feedback control is beneficial to control flutter instability, and
a better control can be obtained using a proper combination of time
delay with larger linear control gains. Similar trends can also be
observed from Fig. 5, where the values of Lyapunov coefficient are
shown. Again, comparing this figure with that in Ref. 16 indicates
that the time delay helps stabilize vibrating motions.

b) W, = 10W,. The results obtained for this case are shown in
Fig. 6. The effect of the nonlinear control combined with the linear

x 102
Subcritical HB
Unstable LCO

L (Lyapunov Coefficient)

Supercritical HB
Stable LCO

4 5 6 7 8 9 10
M (Flight)

Fig. 5 LFQ corresponding to ¥, =0, 7=1 for ¥; =0.1, 0.2, 0.3, and
0.4.
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Fig. 6 LFQ corresponding to ¥, =10¥;, 7 =1 for ¥;=0.1, 0.2, 0.3,
and 0.4.
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Fig. 7 Effects of the time delay on the flutter boundary for ¥; =0.3
and ¥, =0.

control can be clearly observed from this figure. Further, a compar-
ison among Figs. 4-6 again confirms that time delay and nonlinear
control lay much more stress on the stability.

Case 3: W, fixed, but T # 0 is varied.

We consider the variation of the time delay t.

a) W, =0. The results are presented in Figs. 7-10, which clearly
show that the time delay has significant implications on the character
of the flutter boundary and the stability conditions (Lyapunov
coefficients).
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Figure 7 shows the effect of the time delay on the flutter speed
with respect to the variation of the flight Mach number, when W is
fixed at W; =0.3. The interval of the variation of 7 is from 0.0 to
4.5, and the Mach number M is varied from 1 to 10. The values of
the Lyapunov coefficient L, corresponding to the data presented in
Fig. 7, are plotted in Figs. 8—10. Note that Fig. 8 shows the results for
intermediate values of 7, whereas Figs. 9 and 10 depict the trends of
L for large values of 7. The following interesting phenomena have
been observed.

i) When t € [0.0, 2.32], the results can be seen from Figs. 7 and 8.
In this case, similar trends as those shown in Figs. 2 and 5 are

observed: the Vy increases as 7 is increasing, thus revealing that
the time delay t ranging in this interval is beneficial in the sense
of expanding the flutter envelope. Also, it is seen from Fig. 8 that
the motion is more stable for larger values of 7. This suggests that
subcase i) is better than in the absence of time delay, case 1a).

ii) When 7 > 2.73, the trends for the flutter speed are similar to
that of subcase i), that is, V increases as 7 is increasing. However,
all values of Vp are less than that of T =0, implying that subcase
ii) is worse than case 1a), which has no time delay. However, for this
case (see Fig. 10) all values of L are less than zero, meaning that all
of the corresponding motions are stable. This implies that the appli-
cation of larger time delay can convert subcritical Hopf bifurcation
to supercritical, though it is not good in controlling the initiation of
Hopf bifurcation (i.e., the flutter boundary). This apparent conflict
suggests that in order for the time delay to be beneficial in control-
ling the initiation of Hopf bifurcation (delaying the bifurcation) as
well as stabilizing the bifurcating limit cycles, one should choose
small time delays.

iii) The most interesting effect is observed when t € (2.33, 2.73)
on which there exist critical Mach numbers for each value of . When
the Mach number is less than the critical value, the trends are similar
to subcase 1); otherwise, they are similar to subcase ii) (see Figs. 8
and 9). For example, when v =2.35 the transitory Mach number is
Mg =7.41. When M, < 7.41, the time delay is beneficial not only
in delaying the initiation of Hopf bifurcation (see Fig. 7), but also
in stabilizing the bifurcating motions (see Fig. 8). However, when
M, > 7.41 the values of V are less than those corresponding to the
case without time delay, as shown in Fig. 7, indicating that the time
delay can reduce the flight envelope. However, the Hopf bifurcation
is supercritical (see Fig. 9).

From the discussions given in the preceding three subcases, we
have found that in general larger values of 7 yield more negative
values of the Lyapunov coefficients, implying that the time delay
is beneficial in stabilizing bifurcating periodic motions. It can be
used for control of Hopf bifurcation such that a subcritical Hopf
bifurcation is changed to supercritical. More precisely, for small
values of 7 (t €[0.0, 2.33] in subcase i), see Fig. 8), the bifurcating
limit cycles are only stable for small flight Mach numbers because
of the detrimental effects of the aerodynamic nonlinearities that
build up at increasing Mach flight. For large values of t (7 >2.73
in subcase iii), see Fig. 10), the periodic motions are stable for any
Mach numbers. When t € (2.33, 2.73) (in subcase ii), see Fig. 9),
there is a jump of the Lyapunov coefficient at the transitory Mach
number Mg, and the Hopf bifurcation solutions become more stable
when M, > M. For different values of time delay 7, the jumps
are occurring either from the subcritical to supercritical ranges or
completely in the supercritical range. A three-dimensional plotting
showing the trend of L with respect to 7 and M is given in Fig. 11.
It clearly shows the trends observed in Figs. 8-10.

However, it has been observed from Fig. 7 that the effect of the
time delay on the initiation of Hopf bifurcation is more complicated

L<O
L=0
L<o  Stability jéif'aem
- Stable boundary
5 o _ domain [
QR 5 - -
S -
3 -6
-10
L5
aQ
©
>
=
Unstable
) domain
M (Flight) 5 L>0

45 4 35 3 25 2 15 1 05 0
(Delay)

Fig. 11 Three-dimensional plot of L vs 7 and M when ¥ =0.3 and
W, =0.
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than the trends of the Lyapunov coefficients. It does not show
the trend that larger values of t are always beneficial in delay-
ing the initiation of Hopf bifurcation. In fact, it has been seen that
when the time delay is relatively small (z € [0.0, 2.33]) inclusion of
the time delay in the feedback control is indeed beneficial to delay
Hopf bifurcation. For relatively large time delay (r > 2.73), adding
time delay in the control is actually worse than the case without time
delay, implying that the time delay helps the initiation of Hopf bifur-
cation, which should be avoided in design if the object of the control
is to delay the occurrence of the flutter instability. For intermediate
time delays, [t € (2.33, 2.73)], a more complicated phenomenon,
namely a snap-through jump from the benign type of flutter (L < 0)
to the catastrophic one (L > 0), is occurring. For each value of t,
there exists a critical value Mg of the Mach number. The time delay
is beneficial in controlling the initiation of Hopf bifurcation when
M < Mqy; otherwise, it is worse than the case without applying time
delay.

Therefore, toward controlling both the initiation of Hopf bifur-
cation and the stability of bifurcating periodic motions, one should
apply relatively small values of 7. For the parameter values chosen in
this paper, the proper time delay should correspondto v < 2.3. As the
system parameters are changed, this value, certainly will be changed.

b) W, = 10 V. Now we turn to the case when the nonlinear feed-
back control is added. The discussions are similar to part a), and
we thus omit the details, but present a different trend. Figure 12
shows the values of the Lyapunov coefficients with respect to the
variations of t when W, =0.3 and W, = 3. Comparing Fig. 12 with
Fig. 8 clearly shows that the time delay is beneficial in controlling
the stability of Hopf bifurcation. For the small values of t = 0.0, 0.5,
1.0, and 2.0, now the bifurcating motions are stable even for large
values of Mach number. For example, consider 7 =1.0. If ¥, =0,
the motion for this case is stable when M < 3.5, whereas it is stable
as long as M < 7.8 when W, = 3. When the time delay takes the in-
termediate values T =2.35, 2.4, 2.5, and 2.6, the trends are different

x 102
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2.6 2.5 2.4

/

L (Lyapunov Coefficient)
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1 2 3 4 5 6 71 8 9 10
M (Flight)

Fig. 12 LFQ corresponding to ¥, =10¥; and ¥ =0.3, for 7=0.0,
0.5, 1.0, 2.0, 2.35, 2.4, 2.5, and 2.6.
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Fig. 13 Three-dimensional plot of L vs 7 and M when ¥ =0.3 and
W, =3.

from what was observed in Fig. 8, as discussed in case 3, a) iii) with
W, =0. Figure 8 shows that all of the motions are stable after the
jumping, which occurs at the transitory values of the Mach number.
However, now when W, =3, as is seen from Fig. 12, because the
corresponding values of L jump from negative to positive the motion
becomes unstable. This suggests that a combination of the nonlinear
control with an intermediate value of 7 is not beneficial in controlling
the stability of Hopf bifurcation. In fact, it can change a supercritical
Hopf bifurcation to subcritical, which is certainly not desirable.

Similarly, we can plot the Lyapunov coefficient in a three-
dimensional space as a function of v and M. The results corre-
sponding to those presented in Fig. 12 are shown in Fig. 13. It clearly
appears that for small values of the time delay (t <2), L <0, and
thus the limit cycle is stable. However, for relatively large values
of the time delay (t > 2), L > 0, and thus the motions are unstable,
which contradicts the trends observed from Fig. 11 where nonlinear
control is not applied.

From the results obtained in parts a) and b) of case 3, we can
conclude that in order to best use the nonlinear feedback control,
combined with the time delay, relatively small values of the time
delay should be used.

Conclusions

The aeroelastic instability in the vicinity of the flutter bound-
ary for a two-dimensional supersonic lifting surface is addressed.
Particular attention is focused on the effect of the time-delayed
feedback control on flutter instability boundary and its character
(benign/catastrophic). Bifurcations into limit cycles (Hopf bifurca-
tion) are investigated with respect to system parameters as well as
the time delay. Center manifold reduction and normal form theory
are applied to simplify the analysis and reduce the original system to
a two-dimensional center manifold. Then, the predictions of the sta-
bility conditions for bifurcation solutions are obtained. Numerical
results are also presented to show the effects of the time delay and the
linear/nonlinear feedback control gains. In particular, the initiation
of Hopf bifurcation and the stability of bifurcating periodic motions
are studied in detail. It has been shown that inclusion of a linear feed-
back control is always beneficial in controlling both the initiation
of Hopf bifurcation and the stability of motions, regardless of the
inclusion or noninclusion of the time delay. The presence of a time
delay into the nonlinear feedback control can have a profound effect
on the stability of the bifurcating motions. It can transfer subcritical
Hopf bifurcations (occurring in the presence of aerodynamic non-
linearities) to supercritical. It has been shown that the effect of the
time delay becomes more prominent for large linear control gains.
However, it has been found that larger time delays are not beneficial
in delaying Hopf bifurcation. When nonlinear feedback control is
applied, the situation becomes even more complicated. It can desta-
bilize the bifurcating motions (i.e., changing supercritical Hopf bi-
furcation to subcritical) if the nonlinear control is combined with
larger time delay. Therefore, based on the results obtained in this pa-
per, to obtain the best controller in controlling both the initiation of
Hopf bifurcation and the stability of bifurcating motions one should
apply both linear and nonlinear controls with small time delay. Fur-
ther studies, based on the center manifold reduction and numerical
simulations, will be given to consider the system with damping, as
well as higher codimensional singularities such as double Hopf bi-
furcation and combination of Hopf bifurcation and zero singularity.

Appendix A: Expressions of the Coefficients

Appearing in Egs. (6)
Zilr (Al)
aGqg=—-——"-
va(z - x2)
1 (Xar?  VXaXa | VX yra
a) = ——— L8a s =+ S ad (AZ)
ro% - Xo% v?2 buMy UMy uMs
as = 1 XaV Xea _ Y Xa _ )/}’5 _ 2Sh(2)r§ (A3)
r2—x2\buMy, pMy pMy |4



YUAN ET AL. 803

1 2 o ca 2 oaSa 2 ca 2
gy = XVX+X~§Va+era
ri—x2\ buMy % buM,
2 R 2 T 2o (Ad)
3uMy UMy DMy
s = 1 XaBrozt XaMOOVS‘SAxea(l +K)
T r2—x2| V? 12bu
V8 M (e + 151 +")] (AS5)
121
o = ‘I’lonrOZ( (A6)
1= Vz(rz _ Xz)
o — ‘I’zonrOZ( (A7)
2= Vz(rz _ Xz)
=2
b, = O Ke (A8)
Vil - %)
1 Xa¥ Y YXea  Ta
by, = - - = A9
T -2 (uMoo M | uMob V2 (A%
1 o 2xabn@
by= XV Y Xabh® _ VXe (A10)
ey — Xa /'LMOO I’LMOO \%4 b/.LMOO
1 4 2
by = . . 14 + Y Xa + ZVxea
e = Xa 3MMM I'LMoo b H-Moo
_ 2yxea 21y YXaXe (ALD)
buM,, % buM,,
b L [F0aMata+ DL +6)
> r2 — x2 121
— Brozt _ MOOVSSAxea(l +K) (A]Z)
V2 12bu
fi= _%7"02! (A13)
V(i x)
N7 2
fr= e (Al4)

vz - 1)
Appendix B: Expressions of the Coefficients Appearing
in Egs. (24) and (26)
Ly = ei fiw* + [ fias(ebs — as f1) + e1bs(asby — bser)
+e1(fiby — bier + filaie) — ar fi)]w’
+ (her —ax fi)(a1 f1 — biey) B
Ly = [ei(bsey — a3 fi) + fi(erbs — as f1)]w’
+ (a3 fi — bser)(fiaz — e1h)
+ (as f1 — baer)(e1by — firar) (B2)

Ly = efa)4 + [(f|a4 - €|b4)2 + 2e(e1b, — flaz)]w2

+(fidr — e1b2)’ (B3)
Ly = —(aiMyNy + wM3N,) (B4)
Ly = a,M>N, — oM;N, (B5)
Ls = w(M + ayMy)N, + (ayM, — byM)N, (B6)
Le = o(M + ayMy)N; — (asM, — byM)N, (B7)

L7 = —(M Ny + oM)N,) (B8)
Ly = —wM,N, + M| N, (B9)
M= (0> +a) +wa (B10)
My = (by + ash3)w’ + a1 by (B11)
M, = by + a\bs — asb, (B12)
M; = bj” + as(bias — bza;) + ab (B13)
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